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Lecture 13: Vibrational Molecular Ground State 
 

The ω -vibrational state of a molecular 1D-system is described by the Hamiltonian: 
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while the stationary appropriate wave-function may be described by the two-parameters function: 
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so that carrying the geometry of the parabolic potential that determines it, with the two constants to be 
determined by the two quantum constrains of the direct normalization of the trial wave-function followed by 
application of the variational principle for the eigen-energy.  

Starting with fulfilling the normalization condition for the trial wave-function, we have: 
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where we have considered the 0th order Poisson integral (see Appendix A.2.2).  

Going now to compute the trial vibrational energy, we calculate successively: 
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where the 0th and 2nd order Poisson integrals were used (Appendix A.2.2) along the replacement of the above 
expression for 1c . Now, the variational principle on this energy leads with the 2c  result as well: 
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so that the fundamental (ground state) energy 
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together with the associate eigen-function 
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are furnished in fully agreement with the previous general quantum eigen -energies and -functions 
determinations for harmonic oscillator; thus proving also by this example the reliability of variational principle 
to provide both fundamental or ground state energy and its wave-function, in a consistent quantum 
mechanically manner. 

 

Appendix 

 
a

dxeaI ax π
== ∫

+∞

∞−

− 2

)(0 … the 0th order Poisson integral 



Mihai V. Putz: Undergraduate Structural Physical Chemistry Course, Lecture 13 

 

3

Proof: ( )∫ ∫∫∫
+∞

∞−

+−
+∞

∞−

−
+∞

∞−

− =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= dxdyedyedxeaI yxaayax 2222

)(2
0  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
== ∫∫∫ ∫

∞
−

∞
−

ππ

ϕϕ
2

000

2

0

22

drdrerdrde arar  

( ) ( )
a

e
a

ed
a

arar πππ
=−=−=

∞−
∞

−∫ 0
0

22

2
2

 

 0)(
2

1 == ∫
+∞

∞−

− dxxeaI ax  … the 1st order Poisson integral 

Proof: ( ) ( ) 0
2
1

2
1)(

222

1 =−=−==
∞+

∞−
−

+∞

∞−

−
+∞

∞−

− ∫∫ axaxax e
a

ed
a

dxxeaI  

 
aa

dxexaI ax π
2
1)(

22
2 == ∫

+∞

∞−

−  … the 2nd Poisson integral 

Proof: ( ) ( )∫∫∫
+∞

∞−

−
+∞

∞−

−
+∞

∞−

− −=== dxe
dx
dx

a
dxxexdxexaI axaxax 222

2
1)( 2

2  

( ) ( )
aa

xed
a

dxedxxe
dx
d

a
axaxax π

2
1

2
1

2
1 222

+−=⎥
⎦

⎤
⎢
⎣

⎡
−−= ∫∫∫

+∞

∞−

−
+∞

∞−

−
+∞

∞−

−  

( )
aaaa

xe
a

Hospitall

ax ππ
2
1

2
1

2
1

0)'(

2

=+−=
→

∞+

∞−
−

43421
 

 

 


