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1. Variance, Dispersion and Correlation

X X I Xk Xn
y
Y1 Pyg - Py - P1,
Y, Py - Py - P,y
Yk Py - P - Pin
ym pml pmk pmn

n/N marimi de masurat (x)
m/M statii in care se efectueaza
masuratori (y)

PL(x,y)

n m

2.2 Py =1

i=1 j=1

domeniu interes] = [ [  (x, y)dxdy =1
Xy



m Media masurabilei:

<A>=[y" Apdr = [ Ay ydz = [ Ay["dr = [ [ Af(x, y)dxdy
D Xy

2

w|” Se numeste DENSITATE DE PROBABILITATE

m Media pentru x:

<X >= ”xf (X, y)dxdy

(x=<x>))° ”(x < x>)2 f(x, y)dxdy

(x=x) =204 =X)py = D [% = D%, %;1p;




.

m Marimi de masurat {x;} si stafii de masurat
{y:} = nu au nimic in comun! Atunci:

(1

n

p., pentru setul {x.}, pentru setul{x; },

P {pj,pentru setul{y,-}m _<i

,pentru setul{y },

m Pentru seturi independente {x;} si {y.} S|
probabilitati uniforme:

- <1, 1 Z(Xi‘izxi)
(X_X):ZH(Xi_HZXi): I I

n




m Abaterea lui x, fata de medie: X —<X>
m Abaterea lui x, fata de medie: X, —(x)

m Abaterea lui x, fata de medie: *, —(X)

m Se folosesc patratele pentru usurinta calculului
si indepartarea erorilor:

(X, — < X>)%, (X,— < X>) e, (X —<X>)°

m se numeste DISPERSII. Dispersia lui x;:

D, =< (x—< X >)% >= j(x— < x>)% f(x, y)dxdy



" A
m Abaterea standard (o):

\/j(x— < x>)* f(x, y)dxdy varianta continua

o, =4/D, =1 (% = D> % py)° p; variantadiscreta

i,] i

lZ(xi —lz x.)? pentru probabilitate uniforma
n<4 n<4

D, =< (Xx—<x>)*>

=< X2 > —< x>’

=< (X—< X>)(X=< x>) >
=< X —2<X> X+ < X>2>
=< X > —2<X> X+ <X >

=< X* > -2<X>" +<x>?
=D, = ”x2 f(x, y)dxdy—[”xf (X, y)dxdy]?

m in unele cirti Dx se mai numeste VARIANTA




m Se introduce o0 noua marime
COVARIANTA

C,y =<(X=<x>)(y—-<y>)>

=< XY= X<Y>—<X>Y+<X>Y>>

=< XY > —<X>KY>—<X>LY>+IX><Y>
=< XY > 2<X>LY>+IX><Y >

=< XY >—-<X><Yy>

:ZXiyj P _(in pi)(zyj pj)
DRIHIEEAORIORD

C,y =0=<xy >=<x><y>=> f(X,y)=1(x)T(y)
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Correlation Coefficient

ro— ny _ <(X=<x>)(y-<y>)>
' o0, \/<(x—<x>)2>\/<(y—<y>)2>

m Consideram: {

1
pij:pi_pjzﬁ
NnN=m

DR

r. = ,‘rxy‘sl

SE 22 —
an(xi X2 0-9)

X) =] Xy, Xy oo X ) | Y) = Yis Yorees Vi)



=
m Produs scalar:

<x\y>difoiyi =X, Yy + X, Yy F e, +X Y,
=> (X|X) =Y X/
i

m Modulul lui x = NORMA lui x:  [|X)] = (x| 1/Zx

) Fl = x2 +x2+x2 = (%, %, % [ %, %, X) = J(r|r) = I

o Distanta dintre vectori:

4 3190 = 1019 =yl =<y > = [y



"
m Cauchy-Schwartz inequality:

m ecuatie de gr Il in t = este pozitiva daca are semnul lui a, adica for
<y/y> (care este +), deci A<0Q
a=<yly>b=-2<x|y>c=<x|x>
A=b?—dac=4(<x|y>)*—4<y|y><x|x><0

= (<X|y>)? S<yly><x|x> =>|<x|y>[<J<yly><x|x>

V>zv—ix W>:W—V>

<X=X|y-V>[<J<y=-F|y-y>{y<X—X|x-X>



=>

Z<Xi_i|yi_y>

Z<x ~X|y, -y >

< \/Z(yi - vf\/;(xi -%)’

\/Z(y y) \/Z(xi X)’

de};\y}):\/<x—ny—y> :\/Z(Xi _Yi)2

teR=> 0<(x-ty|x—ty)=(x]| >
pentru:A<0=>A= 4

“<

zt< )yl = -2

. S
= (<XHV>) <(yly)(XIx}

-l -3} (S0 |

b

_;)2

< =>r, <l =-<r <l

)+l



2. Pearson Correlation: traditional
QSP(A)R

obs
y. =ax, +b+e

ycalculat — aXi + b

e’ =[y, —(ax, +b)J => Zef — minim

f (a,b) =Zei2 =Z(yi —ax, —b)> = MIN,



HE@D) o (23 (y, ~ax ~b)(-x) =0
< oa < 3 !

of(@b) _ o |22y —ax ~b)(-1) =0
ob -

(Zyixi :afo+bei\-n
Z ._aZx +bn|- (- Zx)

nZy.X.—(Zy)(ZX) Zy Zx —Z nyi
A= an —(Zx) b= an —(Zx)

m Daca inmultim ecuatia 2 din sistem cu 1/n obtinem:

%Zyi :a%in+b:> y=ax+b
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Correlation through Great Numbers’Law

C,y <(X=<x>)(y-<y>)>

0,0, ) \/< (X— < X >)* >\/< (y—<y>)* >

inyj P _(in pij)(z yiP;)
l \/inzpij _(ZXi pij)z\/zyjzpij _(Zyj pij)2

ry =

.. 1



DRTEETIRIORD
lexf—rﬁ@xifﬁz%z—nﬁ(Zyif

n-=
Gy CXy Gy CXY
er — = a= > =>
o, 0,0,0 o,
O-y — Gy —
y=rxy—X+b (y_y):rxy_(x_x)+b
O, O-x
_ Gy_ calculat
:>y=er—X+b :>y = Y+r —(X X)
Oy
Ny|vn-12>3

——
€(0,1)
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Correlation by Distribution Functions

m  momentul de ordine K al parametrului x :

« = ((x=(x)") = j(x x))* f (x)dx

O condll;la de normallzare a functiei de distributie:

=((x={x))*)=(1) :jf(x)dx: 1, =j f (x)dx
w=((x=(x))")=(x)~(x)=0
= j(x X)) f (x)dx = jxf(x)dx j<x>f(x)dx
, ={(x=(x))?) = f_j(x x)% f (x)dx
m Rezumand avem: .f =1
J o=t
J o= (xp? f




0
m f = ? Trebuie gasita functia f(x) !!!
m Gaussian Nature:

1 —(x—g)2
f(X):\/g-G e %7 XeR

m functia de distributie normala a probabilitatilor de existenta a
variabilei x pe domeniul (+e°, -).

1 +oo —(X— x)

ﬂo:x/ﬂ je 20 d(x-X) =1




"

—(x-%)?

1 ' — 2 _
= (x—=X)e 2" d(x-X)=0
& N2 o, _'[O
U, = 1 T(x—K)Ze_(;;)zd(x—i)—o2
Vo Oy "

+00 , T
= je‘ax dx = 1/—
b a

J'xe > dx = 0

jx e dx——

T

a



m For that, let firstly rewrite
1221, -1, = (T oo dx)(T e’ dy) = fj e tixdy

m That in polar coordinates becomes

2700 T

27 2r
= jje—arz rdrde = (J. re_arzdr)(J.d(D) = ZEJ.(_Z_]-a_)d(e_arz) _ _%e—arz
00 0 0 0

o0

T
0 a

m Leaving wit h

+0 +00 (X—)_(;2
. _ax? B T . 1 —a 252 o\ 1 T .
IO—:[Oe dX—\/gjﬂo—J;\/%e d(x—x) = >— |1 =1




+00 o - 1 +00 N 1 a2 —I—OO_ .
|1_ije dx_—z—ajd( )= €| =0 = =
l, =Tu2e 2 du —Tu ue " du ——iTud(ue *“Ydu

-0 -0 2a —o0

S [ij@d (u-e ™ )du— je d—“du]_—i\ﬁ

1 Sk 1 1
— ﬂz:\/ﬂ - j(x X)’e 20" d(x-X)= NP \2rol =07
Ox 2. 7

2
20,
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Functia de distributie bidimensionala

)2 o\ 2 — _
f(X, y)= 1 eXp{ -1 [(X_X) +(y_y) _9r (X_X) (y_y)]}
2 2 2 2 2 Xy
7o, o, - 1- rxy (1_ rxy Oy O, 0,0,

m Observatie : Cand cele 2 variabile sunt total independente

2

(x=%)? (y-y)

1 2 1 22
= = f y = . ZO-X ° 7 = f f
rxy 0 (X y) [ (—272_ . O'X € ][\/E . O'y € ] (X) (y)
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Functia de distributie (probabilitate)

conditionata : g(y/x)

f(x,y)
f(x)

<y> = ycalculat — I yg (y/ X)dy

g(y/x) =

_fxy)
g(y/x)= 00

= . 2”O-"ex{ -1 [(X X)* (y—)_/)

= 2 :
2ro,0,\1-1, 1 2(1-r; ) o o’

y

(x=X) (y- Y)]+(X x)}

O'O'



B 1 -1 (x=%)° (y-9)* ., (x-%) (y-y) 20-ry)(x-%)’
N2zo, -1} p{za r? )[ or | o s 0,0, 207} 1
_ 1 . (x=%) (y-9)°* p %) (=9)p

270, 117 p{z(l— g oo, V-

b-9 , x-%) T}:

1 -1
= exp{ »
27Z'Uy1/1—r 2(1 r )|: O-y ’ Oy

S B S {y—v—rw%x—f)}}

2zo,fi-r T 20-13)o;

1 -1 2
/ — T _ _y
9(y/x) «/%aw/l—rz p{Z(l I )0'5 {y "y (X X)} }
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m Pentru valoare lui y avem relatia

Oy

(x=%)g(y/ X)d(y - § 1y L (x = X)) +

X JX

u<y>": Tyg(y/ x)dy = T[y —Y-hy

o}

o o, _ _ o, B
+ Ly =y (= R09(y A (y = § = 1y - (x=X)) =

X X

=0y =Y =1y~ (=0 9y 0d(y =5 =1, - (x-X)) =>

GX X

Vv~

=1

m ecuatia de corelare a lui y cu x

calc < Uy V2
y _y+rxy_(x_x)
Oy



m SRy = suma erorilor

SRy _ I\/Iln[Z(y,ObS . yicaIC)Z]

= Min < (y2 — y{)? >=< Y — -1 - 22 (X~ %)? >=
O-X
obs = Gy —\12 — O-y _
= Iy =¥ =1y =P gy /A (y = § = 1y~ (x= X))

= SR, = Min(} (v - y#)?) = (1- 1)

SR SR
?Zl_fz = Ty :\/1__2
y

Xy
Gy




m factorul de corelare standard
Z(yobs . ylcalc
= 1-
K Z(y"bs -y)*
m Covarianta C, = <<xy> _ <x><y>>

cop 23

m Coeficientul de corelare:

Cy _ {x=0My-(v)

O e e
D =Xy - Y)

£ [0 X0 -

<1
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The vectorial interpretation:

X ¥ =|%-|¥|cos(X, ¥)
=> C0S (X, y :X'y => COS < ‘ > <X‘y> ) ZXiyi
U A P 7 R R S By
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Multilinear Correlation

X

0

X

Ko

X

Ko

X

Y1
Y2

Yk

YN

11"

21

kit

N1 ***

1k "

2k

Kk

Nk***

M

2M

y':b0 +b, X, +0b, X, +....+Db, X,

kM

NM

(., obs

Y1

=b, +b, X, +b, X, +...+ Db, X, +6

=b, +b, X, +b, X, +...+b, X,,, +8&,

=b, +b, X, +0, X, +...+by X\ + €y



N

m Suma erorilor sa fie minima:

- ZZ [y = (
~ 2; Yi
- ZiZNl: :yi

(b, + b, X, +b,X,, +..

—(b, +b, X, +b, X, +..

— (b, +b, X, +b,X,, +..

—(b, +b, X, +b, X, +..

+by, X, )]1=0

+b|v|xi|v| )

+bMXiM ):'X'z =0

+b|v|xnv| )] Xim =0



m Suma erorilor sa fie minima:

N

i=1

Xy Xy o Xgy
1X5 Xop voe Xopg

|

|

ZN:yi =b,N +blzN:xil +bZZN:xi2 +...+by, ZN:XW,
i=1 i=1 i=1 i=1

N N N
Z YiXa = boz Xip + blz Xiz +..et by Z Xinm Xia
) i1 i1

N N N N

2
Z YiXim = boz Xim + blz Xj Xy + -+ by Z Xim
i1 i1 i1 i1

Y ’ bl
= y 2 6]: b2
Y N b,

[9]=[x]b]+ [e]




" A
% [9]= [T [x]p]

O (f~TT [~
Allel [el)=0
eVl
m Matricea Moare-Penrose:

([T X)) 4T [yl = o]

m Exemplu: sa verificam pentru regresia simpla liniara:
y=b+ax

(., obs

y, =b +aX,+e

obs

y, =b+aX, +e,

obs

Yv =0 +aXy +ey




Y 1
Y, ~ b =b0
b: v — 1
] (a:blj [X] .....
YN
1

N ixi
[X]T[i]—[l : ]1 =l
X, X, Xy )l in inz
1 Xy |
ST o . 2 . 2
X" =N x —(Zx,)




2 '&12 = (_1)1+2 Z Xj = _Z X

,&22 _ (_1)2+2 N =N

\
N
J




W
N

RS
i

N X ()

(K9 =

N - (3X)°

N

ND X - (D)’

b= (X"R) RV

ND X - (D)’

Y1

Yn

N

ZYi




O

m Da! Se verifica pentru regresia liniara

simpla.

N> x?—

N

(2 %)
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Spectral Correlation: S-SP(A)R




N

m The spectral (vectorial) version of SAR
descriptors
¥) [Xo)  [Xy) [Xe) [Xu)

1Y) =bo| Xo)+b | Xp)+..+b| X\ ) +...4by | Xy ) +]e)



obs

1)

Xy




m However, before applying it effectively one has to introduce the
generalized scalar product throughout the basic rule:

¥, \wk>=i“zlwi.wik ~ (%, )

|\PI>:|W1I Wo - WN|> |LPk>:|W1k Wok -+ WNk>

m Briefly, remember that the orthogonal condition requires that the
scalar product of type to be zero, the orthogonal basis

{QO>, Q)| Qo | O >}

can be constructed from the set  { Xo )| Xt )| Xic oo [ X )}

according with the iterative recipe:



" JJ
m Choose  |2)=|Xo)

m Then, by picking|x.)as the next vector to be
transformed, one can write that

Q) =[X,)-15|Qp) %)

RRCAEY

m Next

|

‘Qk>:|xk>_zrik‘gi> riki

Xk Q|>

)

m repeated and extended until the last
orthogonal predictor vector ‘QM> IS obtained.



" J
m  Within the constructed orthogonal space, the vector activity

\Y>:a)o‘§20>+a)1‘Ql>+...+a)k‘Qk>+...+a)M ‘QM>

m At this point, since there is no residual vector remaining one can
consider that the SAR problem is in principle solved once the new
coefficients in  @o: @y y-eey Wys--0y Dy are determined. These
new coefficients can be immediately deduced based on the
orthogonal peculiarities of the spectral decomposition grounded on
the fact that:

(9| )=0, k=]

N R———
Cxey

Wy, =



SAR algorithm

m |t consists in going back from the orthogonal to the initial basis of
data through the system of coordinate transformations:

rY> = a)O‘QO>+ a)l‘Q1>+...+ a)k‘Qk>+...+ a)M‘QM>
Xo)= 1-‘Q0>+ 0-‘Q1>+...+ 0-‘Qk>+...+ O-‘QM>

X)= RlQ)+ 1O )+t 0| )+.+ 0]Qy)




m Finally, the system is algebraically true if and only if the associated
augmented determinant disappears,

‘Y> w, @, O\

[Xg) 10 0 0

X)) g1 0 0
; =0

X)) g 1 0

[ Xy) g r 1



'_
Check with Linear Correlation

m Verificam pentru cea monoliniara

‘y> = bO‘XO>+b1‘X1> estedeformay = b + ax

Wy w,
1
Iy 1

W,
1 0

~[%) +[x)

‘ yp> = (@, - rola)l)‘ Xo> + &‘ X1>
b a

a=w . b=0 -rw
1 0 0o*¥1




m Se realizeaza tabelul:

Oﬂ

) %) )
Yq 1 X11
y2 1 X21
YN 1 Xn1
Qo) =111 ..2),|Q;) =x)—15]Qy)
N
X.
_x[Q) &
(Qo|Q) N &,
Q) =X, X e Xy ) i=I1\I 111 ..




_ <Q1‘Y> <X1_|1-|in ----- Xy _Ii-lzxi

W, =
(] > — T
Zyi(xi_;zxi) Zyixi_;(ZYi)(ZXi)
= 1 : _ 12 : |2 2|
Z‘(Xi_NZXi) Z‘(Xi +N22xi —inzi:xi)

N yixi = (YD x)
— ! i : g

NZXi2 _(in)z




1 NZYiXi_(ZYi)(ZXi)
_ZX_ i i i
N= N - x)?

1
b:a)o_rola)lzﬁzyi_

QYD %) = (X)L yix)
) NZXiZ_(ZXi)Z

m DAl Se verifica ecuatia monoliniara!
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3. Algebraic Correlation Factor

m Next, the vectorial norm gives the opportunity in advancing the so
called algebraic correlation factor measuring the relative “intensity”
or “amplitude” of the predicted to measured norm activities

I
I,ALGEBRAIC _
S-SAR -

H‘Y ObS>

m worth noting that the algebraic correlation factor gives systematic
higher values respecting the assumed statistical one, computed on
statistical definition of the data dispersion through the standard

expressions SR
STATISTIC _ g _ 21

r =
QSAR SQ

sQ= 3" [y Ny yer]

SR=3" [y -y f



m Proposition (algebraic S-SAR vs. statistic Q-SAR correlations):

in any correlation analysis, considering the observed and predicted
activity data as vectors |v*) and |vo=) with the associate norms
through the scalar product type, respectively, the algebraic
correlation factor always exceeds the statistical QSAR correlation
factor:

r ALGEBRAIC -,  STATISTIC
S—SAR QSAR

Proof: by straight algebraic manipulation, condition firstly rewrites
as:

N (v2)f Z_l[y. > y.ObSI yObS -y - Z_lyf’bsl
e z_llyom N_ly.Obsl




m Then, it can be conveniently arranged so that to separate the

predicted and measured terms in left and right side of the inequality,
respectively:

P Obs

> (v?) > (v?)

lP 1N Obsl Obs P 1N Obs]> N Obs -1~N . Obs
Z_1y| N Z—lyl 2y -N Z—ly' Z [yl -N Z—lyl ]

=1

m Now: Zhil(yz)om_[z,\il(yl )Obs Z—l(ylz):l Zl\il(yz)om

_ 2 _
Z_l[yObs N 1Zl\ily|0bs] Z—l Obs_yl Z_l[yObs N 1Zl\ily|0bs]

f* |-

RS = Z —1(yl B Z =1 y. H‘Y o

SR :H‘YObs>—‘YP>H2



SR—RS = (Y O —Y Py O —y Py (y Oy ) 1 (Y Ply P)
=2 prr)-(veepvn))
=2f(v P ¥ )=+ el]v7)]
=2efr”)
L
=0



Spectral Paths

m the Spectral-SAR analysis employs the idea of “amplitude” or
“‘intensity” or “length” of chemical-biological interaction and bonding.
In this context, appears also the idea of introducing the least path
principle that selects the optimal (shortest) paths among all
computationally tested models towards the measured endpoint:

5|A,B]=0; A B:ENDPOINTS
o (SHmsner  SpmemelY
- ) o 5

m[A B]=]A, C]+][C, B], O[A, B]=0
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Temporal Spectral-SAR
K

L+R¢yC —% 5M +R

A
[l
S ETN.
L =
[l
D
X
=)
I
>
()]
N

A=activitatea




Ama

RI—C

L]

T K+ [L]

i [



Properties L-R Kinetics S-E Kinetics
Reaction G K
L+R¢«>C ——>M+R S+E¢SES—>P+E

K.y k_;
Species R E
Substrate L S
Computation AL v [s]

Amax [L]+ [K] Vmax [S]+ [KM ]

Constants [R][L] K, +K,




Arax [L] _
[L]+EC,, All) = dt L)

Ana [LLD)
[L](t) +ECy,

d
- E[L](t) =

—[LI(t)
~A [L-e 5 ]

AmaX [L](t)
[L](t) +ECy,

d
- a['—](t) =

At L]
[L](t) = EC., In{l+e "= [e"* —1]}




"

_ Amaxt [LO ] -1
Amax e EC e EC

A(t) =

_Amaxt [LO]_l
1_|_ e EC e EC

L,]— H‘ y PREDICTAL >H

SO— SR
Fstot = SO



"

1
A=Ilo =—|gEC
EREY

_ yobs>

EC,=¢e"=¢e

A(t . ellfl} r o]

numeric

Alr)=0 = 7,

soluti

_Amaxt
Amax —> 0 — e ECs >0
t—>
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4. Quantum Correlation: Qua-SP(A)R

m Paradoxically, the main problem for QSAR resides not in performing
the correlation itself but setting the variable selection for it; the
mathematical counterpart for such problem is known as the “factor
indeterminacy” and affirms that the same degree of correlation may
be reached with in principle an infinity of latent variable
combinations.

m the main point is that given a set of N-molecules one can chose to
correlate their observed activities Ay with M-selected structural
indicators in as many combinations as

M k K M!
C= Zkzlc'v' Cu = KI(M = k)!

K=TT.C




o
m endpoint spectral norm

H‘Y'>H:\/W: iNZlyizl 1=1C

m algebraic correlation factor

ol _ |2 .
Racei = N | =1,

m spectral path, with the distance defined in the
Euclidian sense as

L=y -v O + R R VD -LC




" J
m /east spectral path principle, formally shaped as

Sll,..0... 1, ]=0; L.l ,....1,, : ENDPOINTS

m inter-endpoint norm difference (IEND),

AYy =Yl =l (1) e{aya}

m inter-endpoint molecular activity difference (IEMAD),

AAi"' '~ A =In L ——1In L (EC5,)

(ECy)  (ECu)  (ECy)

1

- =4, - OA (ECs ) =(ECq) ai; exp(iAY,“.)
il



m the amplitude of transformation driven by the so called
quantum-SAR factor of an exponential form

m - exp(AA'“ AV, )

m /dentity
(Ecso ): = (Ecso ):

(EC,,)! =(ECy,) qﬁ. expl-iaY,,

i|]

m ‘real” quantum-SAR transformation

(EC)] -l fEca)]



"
m multiple transformations

qm

q|“ qj‘t

' (Ecso)

)

y (EC50 )I" = q,l‘“J ‘(EC50)" q:\‘; (qj“tl
11, wall
|1\‘| Hq iy 1\‘|

m self-transformation

‘(Ecso ):‘ - q:\‘tln

Gijj=i = exp(— AYH.)



m With the present Qua-SAR methodology one can
appropriately identify the molecular pairs that drive
certain bio-/eco- activities against given receptor by

means of selected descriptors in a “wave”- or “quantum”
mechanistic formal way.

m The ultimate goal will be the computation of quantum-
SAR factors along the least paths of actions that give the
potential information of the conversion power of the
fittest molecules in their specific bindings.
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