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Abstract 

With the present-day interest in correlating chemical structure with biological activity the quantitative 
structure-activity relationships (QSARs) are reviewed both on their fundamental statistical and advanced 
algebraic frameworks allowing for the so called Spectral-SAR reformulation of the classical Multilinear 
regression in terms of data vectors and orthogonal conditions, while being suited for inter-endpoint 
(computed activity) paths and maps of inter-conversion. This way there is presented a novel, fresh and 
fruitful picture of regression analysis aiming to closely approach the quantum interpretation of data and of 
ligand-receptor interaction by means of systematic orthogonal and scalar (dot) product of either molecular 
(chemicals or toxicants) descriptors between them and with the observed (recorded, measured) activities. 
The resulted Spectral- or Quantum- SAR widely employs the present data as a whole vectors, to be 
associated in principle with the eigen-states in quantum Hilbert space, opens the way for assigning a sort of 
wave function or wave packet for the congeneric active molecular series rather than for a single molecule 
as used to be; this way the specific interaction may be eventually modeled by structure (intrinsic)-
metabolic (extrinsic) quantum rather quantitative correlation picture. 

 

1. Introduction 

In the last years the world scientific research was focused on the so called green chemistry, which consists 
in the efforts to reduce or eliminate the use or production of the dangerous substances (with toxic potential) 
in synthesis, main stream and application of the chemical compounds through pre-industrial or 
computational design [1].  

As such on all meridians new specific organizations and laws of validation of the entered compounds in 
environment or everyday and medical life have raised: the first taxonomical groups emerged in United 
States by the Environmental Protection Agency [2] followed by the European agency Umweltbundesamt 
(1997) and by the Environment Canada (1999). However, at the level of European Union, since the 
Strategy on Management of Substances (SOMS, 2001) [3] program the first step was made towards 
establishing by the European Commission, on 23 October 2003, to the Registration, Evaluation, 

Authorization and Restriction of Chemicals (REACH) norms establishing, through its directive EC no. 
1907/2006, that starting from 2009 any substance with carcinomic or mutagenic potential entering in the 
life-cycle through market to be made only with authorization  of the European Chemical Agency (ECMA) 
at Helsinki [4, 5].  
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Also Romania, although from the legislative point of view has already the governmental directive OG no. 
200/2000, approved by the law no. 451/2001, since 2003 was member of the Rotterdam Convention (10 
September 2003) being part of the so called Prior Informed Content (PIC) procedure relating the priory 
consent about the risk or toxicity degree of specific chemical that will be circulating or imported across the 
country. Moreover, since the official membership of Romania at the European Union (1 January 2007), all 
chemicals on the Romanian territory have to agree with the REACH normative. In this context, the 
fundamental research is at its turn driven by the EU laws through the directives of the Organization of 
Economical and Cooperation Development (OECD) that already credits the quantitative structure-activity 
relationship (QSAR) methodology as the only and certain source of computational design for the tested 
compounds with bio-, eco-, and pharmaco-logical impact [6, 7]. 

Being used in Chemistry during the second half of 20th century as an extended statistical analysis [8-15], 
the quantitative structure-activity relationship (QSAR) method had attained in recent years a special status, 
officially certified by European Union as the main computational tool (within the so called “in silico” 
approach) for the regulatory assessments of chemicals by means of non-testing methods [2-7, 16-18]. 

However, while QSAR primarily uses the multiple regression analysis [8-15], alternative approaches as 
such neuronal-network (NN) or genetic algorithms (GA) have been advanced to somehow generalize the 
QSAR performance in delivering a classification of variables used, in the sense of principal component 
analysis (PCA) and partial least squares (PLS) methodologies; still, the claimed advantage of the NN over 
QSAR techniques is limited by the fact the grounding physical-mathematical philosophies are different 
since highly non-linear with basic multi-linear pictures are compared, respectively [19-26].  

Actually, the chemical-physical advantage of QSAR stands in its multi-linearity correlation that resembles 
with superposition principle of quantum mechanics, which allow meaningful interpretation of the structural 
(inherently quantum) causes associated with the latent or unobserved variables (sometimes called as 
common factors) into the observed effects (activity) usually measured in terms of 50%-effect concentration 
(EC50), associated with various types of bioaccumulation and toxicity [27].  

Nevertheless, many efforts have been focused on applying QSAR methods to non-linearity features from 
where the “expert systems” emerged as formalized computer-based environments, involving knowledge-
based, rule-based or hybrid automata able to provide rational predictions about properties of biological 
activity of chemicals or of their fragments; it results in various QSAR based databases: the model database 
(QMDB) - inventorying the robust summaries of QSARs that can be appealed by envisaged endpoint or 
chemical, the prediction database (QPDB) - when data from QMDB are used for further prediction to be 
stored, or together towering the chemical category database (CCD) documentation [28-34].  

Therefore, a certain conceptual-computational analysis of a compound of a series of compounds in the 
view of assigning its toxicity degree naturally two levels: one addresses the atomic-molecular structure 
together with related quantum properties while the other envisages the correlations of these properties, e.g. 
hydrophobicity, polarizability, steric effects, etc., with the bio, eco- or pharmaco- logical observed 
activities. Finally, it gets out the molecular mechanistic <picture> of the reactions involved in the studied 
chemical-biological interaction or, with other words, of the quantum chemical strength established between 
the ligand (the effector or the chemical) and receptor (in the target site or organism). Still, either the 
structure or the quantum chemical binding aspects require the advanced studies upon them, firstly in a 
separate manner, and then combined both at the intrinsic structural level and for correlating the interaction, 
based on the versatility of the atomic and molecular world to generate surprisingly structures and 
interactions just because the quantum character involved (i.e. undulatory, thus allowing the tunneling even 
for the energetic inaccessible potential barriers) when forming new apparently not explicated or 
controllable compounds by means of macroscopic procedures. 

Still, whatever the computational procedure approached, either of that of Hansch type [35-43], 3D [44-54], 
decisional [26, 55-66], or orthogonal ones [67-80], the problem of delivering the molecular interaction 
mechanism as a QSAR analysis result was only recently furnished by the so called Spectral-SAR that 
proposes a purely algebraic rethinking of the traditional statistic QSAR, which allows, through the new 
concepts introduced (e.g. the orthogonal space of variables, the vectorial length of the biological activity, 
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or the algebraic correlation factor as an intensity measure of the chemical-biological interaction) the 
building of an optimized chart of the molecular action pathways grounded on the minimum spectral path 

principle, 0],[ =BAδ  with A and B the endpoints, within a generalized space of the action norms and 

correlation factors [81-90].  

The present review will present the Spectral-SAR method, developed at Timișoara (Romania), as a natural 
continuation and generalization of the classical standard (statistical) quantitative structure-activity 
relationship (QSAR) towards the quantum assessment of the ligand-receptor cellular specific interactions, 
paths and maps.  

 

2. Statistic QSAR 

2.1. Scalar (Dot) Product Basics 

Often very useful for mathematical elegance but also with a deep insight for the present Spectral-SAR 
methodology the vectorial modeling of data may be associated with generalized classical-to-quantum 
description of variables on Hilbert space, beneficial for emphasizing many properties especially those 
related with orthogonality, i.e. independency of descriptors; this way the quantum most efficient 
description of a dynamical systems projected on the associated minimum set of commutative (independent) 
operators assure the maximum predictability in computation and viability in conceptual modeling. 
Skipping the formal mathematical details, while capping the essence of the computations, being the main 
operation on Hilbert space (a vectorial space) the scalar or dot product – its main features are shortly 
reviewed in what follows.  

Given two vectors 

nn vvvvuuuu ,...,,,...,, 2121 ==  ,  (1) 

their scalar (or dot) product writes as: 

nn

n

i

ii

def

vuvuvuvuvu +++== ∑
=

........2211
1

. (2) 

Since the self scalar product looks like: 

∑
=

=
n

i

iuuu
1

2  (3) 

one may introduce the so called norm (or length) of the vector by: 

∑
=

==
n

i

iuuuu
1

2 . (4) 

The length property of the vectorial norm may be easily visualized through computing the modulus of an 

arbitrary 3D vector 321 ,, uuur = : 

rrruuuuuuuuur ===++= 321321
2
3

2
2

2
1 ,,,,

r
; (5) 



Mihai V. Putz 

 

4 

Consequently, the distance between two vectors is written in terms of their difference norm  

( ) ∑
=

−=−−=−=−=
n

i

ii vuvuvuvuvuvud
1

2)(, . (6) 

From last relation (but also from the fact that scalar product is positively defined, see above) the 
distributivity and commutativity properties of scalar product may be employed for any ℜ∈t  towards 
equivalent expressions 

ℜ∈≥−− ttvutvu ,0  

( )( ) 0≥−−⇔ vtutvu  

022 ≥+−⇔ uutvutvv . (7) 

The last inequality says that the right side second order equation has no solution or has single equal 
solutions, a condition fulfilled when its discriminator is less or equal with zero, respectively, leading with 
the famous Cauchy-Schwartz inequality: 

vvuuvu ≤
2

 (8) 

rewritten as: 

∑∑∑
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ii vuvu
1
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1

2

1

 (9) 

or as 

vuvu ⋅≤ . (10) 

Cauchy-Schwartz inequality is usually successfully employed in probability theory, variance theory and 
correlation factors, as will be illustrated soon in what following. 

 

2.2. Basic Statistical Indices 

Having a set of causes-effects covered “Universe” with either individual and coupled probabilities, as 
given in Table I, the ergodic statistical (or normalization) condition for their discrete realizations is 
expressed respectively as: 

∑
=

=
M

i

ip
1

1, (11a)  

∑
=

=
'

j

jp
1

1 , (11b) 
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∑∑
= =

=
M

i

'

j

ijp
1 1

1 . (11c) 

 

Table I: Schematic representation of the “Universe” by the probability table (and values) with which a 
certain cause xk produces certain effect yk.. 

X 

Y 

x1 ... 

p1 ... 

xk ... 

pk ... 

xM 

pM 

y1 p1 p11 ... p1k ... p1M 
y2 p2 p21 ... p2k ... p2M 

…
 

…
 

…
 

…
 

…
 

yk pk pk1 ... pkk ... pkM 
...

 

...
 

...
 

...
 

...
 

yN p$ pN1 ... pNk ... pNM 

 

Yet, in integral representation of the probability field extended to the “Universe” or actions, the condition 

(11c) rewrites in terms of probability density function ),( yxf  as 

∫ ∫ ==
x y

U'IVERSE
dxdyyxfyxP 1),(),( , (12) 

while introducing the average of a given observable on a given domain of reality “D” in the same manner 
with the quantum mechanical measurement postulate [91]: 

∫ ∫ ∫ ∫∫ ==== ∗∗

D x y

dxdyyxfddd ),(ˆˆˆˆˆ 2
AAAAA τψτψψτψψ  (13) 

where one easily recognizes the quantity 
2

ψ  as the probability density. 

In these conditions the average for x-values writes as 

∫∫=
D

dxdyyxxfx ),(  (14) 

producing the chain of individual values’ departure from average 

xx −1 , xx −2 ,…, xxn − , (15) 

and, even more, their squared (positive) counterparts 

( ) ( ) ( )22

2

2

1 ,,, xxxxxx n −−− K  (16) 
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for defining the x-dispersion (or x-variance) statements 
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 (17) 

either expressed under integral, probability, or uniform probability  








==

===

nM'

n
ppp jiij

1
  (18) 

For alternative, more practical definition of variance, one may use the “quantum” average properties to 
successively get the forms  

( )2
xxDx −=  

( )( ) 22 2 xxxxxxxx +−=−−=  

22222 22 xxxxxxx +−=+−=  

22 xx −=  (19) 

thus providing the celebrated dispersion form (used in Heisenberg indeterminacy principle) from where 
also its meaning as measuring the error in attributing the average (14) for the x-set of values in Table I  
[92]. Yet, the eq. (19) may be further adapted to the integral, probability and uniform variants, as before: 
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D  (20) 

Closely related with the dispersion index stays the so called covariance index, which generalizes the 
variance for two different quantities, here viewed as x-causes and y-effects; it takes one of the forms 
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( )( )yyxxCxy −−=  

yxyxxyyxyxyxxyyxyxyxxy +−=+−−=+−−= 2  

yxxy −=  (21) 

being immediately transcribed into hierarchical way from integral, discrete probabilities, and uniform 
probabilities, as above 
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 (22) 

Note that the covariance meaning is best understood through imagine the case of its cancellation, 

)()(),(0 yfxfyxfyxxyCxy =⇒=⇒= , (23) 

the case in which the bi-dimensional probability density factorizes into two one-dimensional ones, from 
where the covariance should account for the “non-separability” of x-causes and y-effects realization 
probabilities, being this another point where one statistical quantity is reflected by a quantum reality. 
Worth here remarking that someone would say that this is natural since the quantum theory is often 
interpreted in terms of probability and in statistical way in general; this is only partially true, while 
remarking the subtle difference that still exists between quantum mechanics and quantum statistics, to 
some degree equivalent, but manifestly distinct in regarding time and temperature dependence, 
respectively [93].     

Next, by working with squares of the dispersions, i.e. by defining the standard deviations (σ) 

xx D=σ , 
yy D=σ  (24) 

One can combine the covariance and dispersion into the ratio called as the (Pearson) correlation 
coefficient, written in simple way as: 
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 (25a) 

or in equivalent scalar product fashion: 
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yyyyxxxx

yyxx
rxy

−−−−

−−
=   (25b) 

The last form gives the elegant opportunity to show its probabilistic character by applying the Cauchy-

Schwartz inequality (8) for the vectors (states) >− xx , >− yy , that is 

yyyyxxxxyyxx −−−−≤−−  (26) 

thus proofing the realm of eq. (25b) as being sub-unitary 

1≤xyr . (27) 

If necessary, further discrete probability version of Pearson correlation coefficient (25) 
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or under uniform probability (18) variant    
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may be considered with the same interpretation as showing how much from the combined causes-effects 
probability may be represented as combining separated causes and effects’ probabilities; if this relation is 
identity it means that the causes and effects are distinct realities and may be treated as such, otherwise, for 
correlation bellow unity there appears that causes are mixed with effects already in their stage of causes, 
being the effects less observable as distinct (measurable) reality. This heuristic (yet meaningfully) 
interpretation may be also “geometrically” treated through remembering the classical scalar product 
between two vectors 

( )yxyxyx
rrrrrr

,cos⋅=⋅  (29) 

furnishes the value of the angle between them as the cosines  

( )
yx

yx
yx rr

rr
rr ⋅

=,cos  (30a) 

easily to be generalized for the present vectorial representation of causes and effects data recordings of 
Table I: 
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,cos  (30b) 

Since the sub-unitary value of the cosines, the expression (30b) may be treated as another definition of the 
Pearson correlation (25b) involving just the original data (vectorial) sets, or, equivalently, when their 
averages are vanishing, 0,0 == yx . From this point of view there is clear that the Pearson definition 
(25b) is more general since involving the average at whatever values, while the eq. (30b) fixes the angle 
between the causes and effects states: as the angle expresses orthogonality as the cosines goes unity and 
the two states are better correlated but in the sense of inferring one from other and not interfering one with 
other. This is a subtle message which we like to stress in synthesizing two conclusions: 

o The orthogonality between two correlating sets of data is essential in establishing the qualitative 
degree of correlation and do not depend on the average of data sets but only by their vectorial 
length and scalar product through the angle cosines given by eq. (30b); 

o Instead, the quantitative degree of correlation is established by invoking the average of concerned 
data sets through modifying/generalizing the eq. (30) towards the Pearson coefficient (25b).     

These are fundamental ideas underlying the motivation and the “philosophy” of quantitative activity (for 
effects)-structure (for causes) relationships, to be in next step by step unfolded.   

 

2.3. Linear Correlation 

Going on with the correlation analysis let’s explore the linear correlation between one-cause – the effect 
relationship and to see the role the correlation factor play on it. For that we consider the one-to-one data 
sets for x-cause and y-effect, within uniform probability realization of eq. (18), here summarized as the 
data rows:   

X x1 x2 ... xn 
Y y1 y2 ... yn 

Basically, the regression problem consists in finding the best modeling of observed effects by the 
computed one 

i
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i eyebaxy

comp

+=++=  
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 (31) 

through minimizing the errors of such approximation, that is: 
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Analytically, if the minimization function is introduced as the sum of squared errors 

( ) min),( 22 →−−== ∑∑
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i baxyebaf , (33) 
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Then the optimization procedure is to be done in respecting the linear parameters as the free terms and the 
slope of regression, i.e. providing the system 
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equivalently unfolded as 
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or even as: 
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solved for the solutions: 
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Now, worth observing that by multiplying the second equation of the system (34c) with the factor n/1  
one gets the meaningful expression 

bx
n

ay
n i

i

i

i += ∑∑
11

 (37) 

telling that the linear correlation is in fact precisely fulfilled by the data set averages of cause and effect, 
respectively, i.e. 

bxay +=  (38) 
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However, looking to the slope expression (35) and comparing it with the Pearson coefficient (28b) one 
easily recognize that they are in different statistic quantities although linked by the x- and y- standard 
deviations (24) with dispersions of (20) type, namely as 

x

xy

x

y

yx

xy

x

y

xy
D

CC
ra ===

σ

σ

σσσ

σ
, (39) 

where the dependence of slope (35) by the x-y covariance of (22) and x-dispersion (20) was also 
emphasized.  

With these, it is clear that the monovariate linear correlation has the correlation factor as the direct 
information included in its slope; indeed, if the x- and y-standard deviations are considered approximately 
the same,  

yx σσ =   (40) 

that happens in the ideal case when both the x- and y- data sets are described by the same normal 
distribution, it results in the identity: 

xyra = .  (41) 

However, since, in general, we have the case 

1≠
x

y

σ

σ
 (42) 

it is clear that this ratio “modulates” the correlation slope a   of eq. (35) to provide the correct, sub-unitary, 
correlation factor; this explaining why, even in the practical cases of slope higher than unity ( 1>a ), the 
correlation factor still records sub-unitary values. 

Returning to the general linear regression now we can consider the slope-Pearson correlation coefficient of 
eq. (39) as driven the instantaneous equation  

bxry
x

y

xy +=
σ

σ
 (40a) 

along its averaged form, in accordance with eq. (38),  

bxry
x

y

xy +=
σ

σ
 (40b) 

as well as their difference 

( )xxryy
x

y

xy −=−
σ

σ
 (41a) 

from where the computed (predicted) instantaneous effects directly writes from averaged observed ones 
corrected in a perturbation sense by corresponding instantaneous cause departure fro its average 
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modulated by the Pearson coefficient, which is sub-unitary as earlier proofed by eq. (27), and the ratio of 
effect-to-cause standard deviations 

( )xxryy
x

y

xy

comp −+=
σ

σ
 (41) 

Finally, worth giving a practical rule aiming to assure as much possible the premises of a good or relevant 
correlation in sense of increasing the Pearson correlation factor; it may look like  

31 ≥−nrxy , (45a) 

which offers a quite reasonable framework depending of the dimension of the data sets accounted as causes 
and recorded as effects. As such, there is clear that even for data sets containing ten points the condition 
(42) is still not satisfied,    

n=10 => 31 =−n , 33 <⋅∀ xyr , (46a) 

while at least from seventeen dimension of vectorial state with instantaneous cause-effect points the 
regression analysis may become reasonable: 

n=17 => 41 =−n , 31 ≥−∃ nrxy . (46b) 

Nevertheless, from (45a) an even more relaxed condition may be inferred by squaring it to the condition: 

( ) 912 ≥−nrxy  (45b) 

which may be satisfied even for data sets with cardinal laying in the range 10≥ . Worth observing that as 
the data sets for causes is more restrained the correlation factor has to be closer to unity for goodness of the 
fit. Again, the present discussion has two subtle consequences, namely: 

o The cause-effect (linear) regression is meaningful when the number of points included in analysis 
is significant, and in any case larger than ten; 

o The correlation analysis is still relevant, even for lower square of Pearson coefficient as far the 
number of included cause-effects points is higher enough such that condition (45b) to be fulfilled; 
this consequence prevent the ab initio exclusion of the correlation models with correlation 
coefficient not laying in the unity vicinity, but when considerable large data set was assumed.   

Further insight on correlation coefficient and of its alternative practical definition is to be in next exposed.  

 

2.4. Correlation by (ormal Distribution Function 

After introducing the main statistical indices and concepts, worth generalizing them with the aid of the 
distribution function defining the so called (statistical) moment of k-th order for the x-variable (cause): 

( ) ( )∫ −=−= dxxfxxxx
KK

K )(µ . (47) 

Consequently, the first three moments are easily recognized as: 
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o the normalization condition through the zero-th order moment 

∫===−= dxxfxx )(11)( 0
0µ  (48) 

o cancellation of the first moment: 

0)()()( 1
1 =−=−=−= ∫ ∫ xxdxxfxdxxxfxxµ  (49) 

o the standard deviation through the second moment: 

( ) ( ) dxxfxxxx x )(222

2 ∫ −==−= σµ  (50) 

The remaining problem is the identification of the distribution function; it can be nevertheless chosen as 
the normal distribution, with the form 

( )







 −
−

⋅
=

2

2

2
exp

2

1
)(

xx

xx
xf

σσπ
 , ℜ∈x  (51) 

for which the first three moments are verified from eqs. (49)-(51) with the help of Appendix, respectively 
as: 

( )
1

2

12

1
)(

2
exp

2

1

2

2

2

0 =
⋅

=−






 −
−

⋅
= ∫

∞+

∞−

x

xxx

xxd
xx

σ

π
σπσσπ

µ , (52a) 

( )
0)(

2
exp)(

2

1
2

2

1 =−






 −
−−

⋅
= ∫

∞+

∞−

xxd
xx

xx
xx

σσπ
µ , (52b) 

( ) ( ) 22

2

2

2
2

2 2

2

1
2

1

2

1
)(

2
exp

2

1
xx

x

xxx

xxd
xx

xx σπσ

σ
σπσσπ

µ =⋅
⋅

⋅
⋅

=−






 −
−−

⋅
= ∫

∞+

∞−

. (52c) 

Next, having checked the reliability of the normal function for one variable , the generalized bi-
dimensional form may be proposed through considering both the multiplication rule for independent 
probabilities (say for x-causes and y-effects) tuned by the degree of reciprocal correlation by the Pearson 
coefficient presence, with the working form: 

( ) 





















 −−
−

−
+

−
−

−
−

=
yx

xy

yxxyxyyx

yyxx
r

yyxx

rr
yxf

σσσσσπσ

))((
2

)()(

12

1
exp

12

1
),(

2

2

2

2

22
; (53) 

Note that when the x- and y- distributions are really independent, i.e. with 0=xyr , it reduced to the 

factorization of the distribution functions of the associate probability fields 
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)()(
2

)(
exp

2

1

2

)(
exp

2

1
),(

2

2

2

2

0 yfxf
yyxx

yxf
yyxx

rxy
=

























 −
−⋅

⋅
















 −
−⋅

⋅
== σσπσσπ

 (54) 

in the same manner as the covariance behavior, previously quoted by the note (23), with the same 
meaning: when the causes and effects are at all correlated they may be true simultaneously, thus abolishing 
any ordering hierarchy between them. 

Nevertheless, for better emphasizing on the cause role of the x-variable, the conditioned distribution 
function may be considered as the ratio of the bi-variate normal probability (51) reduced (normalized) by 
that corresponding to the cause probability, while better modeling the degree with which the effect 
probability arises when the cause manifestation is certain (and before it); thus the effect conditioned 
probability function by the cause appearance is successively written as:     

( )
)(

),(

xf

yxf
xyg =  











 −

+










 −−
−

−
+

−
−

−
−

=
2

2

2

2

2

2

22 2

)())((
2

)()(

)1(2

1
exp

12

1

xyx

xy

yxxyxyy

xxyyxx
r

yyxx

rr σσσσσσπ
 























 −−
−

−−
−

−
+

−
−

−
−

=
2

22

2

2

2

2

22

))(1())((
2

)()(

)1(2

1
exp

12

1

x

xy

yx

xy

yxxyxyy

xxryyxx
r

yyxx

rr σσσσσσπ























 −−
−

−
+

−
−

−
−

=
yx

xy

yx

xy

xyxyy

yyxx
r

yyxx
r

rr σσσσσπ

))((
2

)()(

)1(2

1
exp

12

1
2

2

2

2
2

22
 























 −−
−

−
+

−
−

−
−

=
yx

xy

yx

xy

xyxyy

yyxx
r

yyxx
r

rr σσσσσπ

))((
2

)()(

)1(2

1
exp

12

1
2

2

2

2
2

22
 























 −
−

−
−

−
−

=

2

22 )1(2

1
exp

12

1

x

xy

yxyxyy

xx
r

yy

rr σσσπ
 

( )




















−−−

−
−

−
=

2

222 )1(2

1
exp

12

1
xxryy

rr x

y

xy

yxyxyy
σ

σ

σσπ
; (55) 

It may, for instance, be used to check out the instantaneous computed/predicted effect, providing 
successively the expressions 

( ) ( )∫== dyxyygyy
xyg

comp  

( ) ( ) ( )
4444444444 34444444444 21

0=

+∞

∞−
∫ 








−−−








−−−= xxryydxygxxryy

x

y

xy

x

y

xy σ

σ

σ

σ
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( ) ( ) ( )
444444 3444444 21

1=

+∞

∞−
∫ 








−−−








−++ xxryydxygxxry

x

y

xy

x

y

xy σ

σ

σ

σ
 

( )xxry
x

y

xy −+=
σ

σ
 (56) 

until recovering the perturbative form (41) earlier proofed within the linear regression context. 

However, being with eq. (56) convinced by the usefulness of the conditioned probability function (55) one 
may use it for computing the important statistical quantity as the minimum of the squared errors sum, or 
the sum of residues SR in observing the effects from a set of causes, being practically equivalent with the 
variational calculation of the eq. (34). Indeed, through the following successive identities    

( )∑ −=
i

comp

i

obs

iy yySR
2

min  

( )
( )

( )
( )xyg

x

y

xy
xyg

comp

i

obs

i xxryyyy

2
2









−−−=−=

σ

σ
  

( ) ( ) ( )∫ 







−−−








−−−= xxryydxygxxryy

x

y

xy

x

y

xy σ

σ

σ

σ
2

 

( ) 221 yxyr σ−=   (57) 

one gets the equation  

2
2

1 xy

y

r
SR

−=
σ

 (58) 

leaving with the so called standard or statistical correlation factor 

( )

( )∑

∑
−

−
−=−=

i

obs

i

i

comp

i

obs

i

y yy

yy
SR

R
2

2

2
11

σ
. (59) 

The result of eq. (59), although formally equivalent wit the Pearson correlation factor (28b) adds a very 
important feature: it describe the correlation cause-effect only through the observed and computed effects 
so that hiding the causes in the instantaneous computed/predicted effects based upon the regression 
equation effects-causes. Such formulation is of the first importance and use in evaluating the correlation 
factors when the multi-regression analysis is employed, since the presence of the many-causes probabilities 
and correlations – a problem that is avoided when the correlation factor is based only on computed and 
observed effects, as formula (59) display. Nevertheless, variants of it for may be formulated, for instance 
the corrected correlation factor that accounts for the dimension of causes and effect vector (state), i.e. the 
cardinals M and ' of Table I, but this is relevant only for refining applicative discussions, while here we 
will restraint to only presenting and commenting the fundamental statistical regressions. In this line, in 
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next, the multi-linear correlation is analytically exposed to complete the statistical presentation of the 
cause-effect correlation paradigm for the structure-activity modeling, respectively.   

 

2.5. Multilinear Correlation 

The many-variable correlation problem may be resumed by finding the b’s parameters of the instantaneous 
equation 

MM XbXbXbbY ++++= ....22110  (60) 

when knowing the set of independent (x’s) and observed dependent (y) variables of Table II. 

 

Table II: The realization of the Table I within the uniform probability for evaluated (selected) causes 

of Xk and observed effects of Y columns, respectively. 

  X 
Y 

X0 X1  … Xk  … XM 

y1 1 x11 … x1k  … x1M 

y2 1 x21 … x2k  … x2M 

…
 

…
 

…
 

…
 

…
 

yk 1 xk1 … xkk … xkM 

…
 …
 

…
 

…
 

…
 

y' 1 x'1 … x'k … x'M 

 

While recognizing the eq. (60) as being associated with the computed instantaneous effect (activity), when 
the observed counterparts is considered the corresponding errors appear provided the system (61) is 
fulfilled. 













+++++=

+++++=

+++++=

''MM''

obs

'

MM

obs

MM

obs

exbxbxbby

exbxbxbby

exbxbxbby

...

....

...

...

22110

2222221102

1112211101

 (61) 

The minimization of the squared sum of errors from (61) respecting each of the searched parameters looks 
like  
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















=







∂
∂

=







∂
∂

=







∂
∂

∑

∑

∑

=

=

=

0

...

0

0

1

2

1

2

1

1

2

0

'

i

i

M

'

i

i

'

i

i

e
b

e
b

e
b

 (62a) 

as a generalization of the linear variational procedure of system (34a); it unfolds analytically firstly as 

( )[ ]

( )[ ]

( )[ ]















=⋅++++−−

=⋅++++−−

=⋅++++−−

∑

∑

∑

=

=

=

'

i

iMiMMiii

'

i

iiMMiii

'

i

iMMiii

xxbxbxbby

xxbxbxbby

xbxbxbby

1
22110

1
122110

1
22110

0...2

...

0...2

01...2

,  (62b) 

which can be then rearranged with the form 

















+++=

+++=

++++=

∑∑∑ ∑

∑∑∑ ∑

∑∑∑ ∑

=== =

=== =

=== =

'

i

iMM

'

i

iMi

'

i

'

i

MiiMi

'

i

iiMM

'

i

i

'

i

'

i

iii

'

i

iMM

'

i

i

'

i

'

i

ii

xbxxbxbxy

xxbxbxbxy

xbxbxb'by

1

2

1
11

1 1
0

1
1

1

2
21

1 1
101

11
22

1 1
110

...

...

...

...

 (62c) 

Yet, since the last system has to be solved for b’s coefficients a general (formal) solution may be furnished 
by recognizing it as the formal matrix equation  

[ ] [ ] [ ] [ ][ ]BXXYX
TT =  (63) 

with the notations: 

[ ]


















=

'y

y

y

Y
....

2

1

, [ ]


















=

'M''

M

M

xxx

xxx

xxx

X

   

    

    

...1

.....

...1

...1

21

22221

11211

, [ ]


















=

Mb

b

b

B
....

2

1

, [ ]


















=

'e

e

e

E
....

2

1

; (64) 

Equation (63) can be nevertheless directly obtained by reconsidering the system (61) rewritten with 
notations (64) under the matrix form 
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[ ] [ ][ ] [ ]EBXY +=  (65) 

Upon which the optimization condition (62a) is now becoming formally as: 

[ ] [ ] [ ]( ) 0=
∂
∂

EE
B

T
 (65) 

and where TX ][  stands for the transposition of the ][X  matrix. 

In any case, the solution of the eq. (63) is immediately abstracted as  

[ ] [ ] [ ]( ) [ ] [ ]YXXXB
TT 1−

=  (67) 

often known as the Moore-Penrose matrix. Yet, although elegantly obtained it involves the inverse matrix 
operation which may be quite cumbersome in cases of higher dimensions of the observed effects through 
the selected causes; it may suffers as well by the indeterminacy in cases in which the matrix inverse is not 
possible or with singularities. However, it allows for computer routines and is implemented in the majority 
of the statistical packages.    

Since having somehow hidden structure the solution (67) should be checked for the linear-regression case 
for the knowing analytical solution as given by eqs. (35) and (36). For this special case the system (61) 
restrains to the simple one 













++=

++=

++=

''

obs

'

obs

obs

eaxby

eaxby

eaxby

....
222

111

 (68) 

whereas the involved matrices in general solution (67) are now shaped as 

[ ]


















=

'y

y

y

Y
...

2

1

, [ ] 








=

=
=

1

0

ba

bb
B , [ ]



















=

'x

x

x

X

1

1

1

2

1

MM
 (69) 

Therefore, we firstly construct the matrix to be inversed, namely 

[ ]


















=



























==

∑∑

∑
'

i

i

'

i

i

'

i

i

'

'

T

xx

x'

x

x

x

xxx
XXA

2

2

1

21

1

1

1

111
][][

MML

L
 (70) 

whose determinant is immediately yielded 
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[ ]
2

2det 







−= ∑∑

'

i

i

'

i

i xx'A  (71) 

while providing also the minor determinants   

∑∑ =−= +
'

i

i

'

i

i xxA 2211
11 )1(

~
, (72a) 

∑∑ −=−= +
'

i

i

'

i

i xxA 21
12 )1(

~
 (72b) 

∑∑ −=−= +
'

i

i

'

i

i xxA
12

21 )1(
~

, (72c) 

''A =−= +22
22 )1(

~
 (72d) 

entering the matrix 

[ ]


















−

−
=










=

∑

∑∑

'x

xx

AA

AA
A

'

i

i

'

i

i

'

i

i

2

2221

1211*
~~

~~
; (73) 

all in all the inverse matrix of (70) is obtained as 

[ ] [ ]
[ ]







































−








−

−









−

−









−

==

∑∑∑∑

∑

∑∑

∑

∑∑

∑

−

2

2

2

2

2

2

2

2

2

*
1

det

'

i

i

'

i

i

'

i

i

'

i

i

'

i

i

'

i

i

'

i

i

'

i

i

'

i

i

'

i

i

'

i

i

xx'

'

xx'

x

xx'

x

xx'

x

A

A
A , (74) 

which together with the other matrices product 

[ ] [ ]


















=



























=

∑

∑
'

i

ii

'

i

i

'

'

T

yx

y

y

y

y

xxx
YX

ML

L 2

1

21

111
 (75) 

construct the Moore-Penrose matrix for the mono-linear regression  
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[ ] [ ] [ ] [ ]( ) 







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


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

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




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
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−
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∑∑∑∑

−

a

b

b

b

xx'
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yxxyx
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'

i

i

'

i

i

'

i
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'

i

i

'

i

i

'

i

i

'

i

i

'

i
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'

i

i

'

i

i

'

i

i

T

1

0

2

2

2

2

2

1
 (76) 

recovering by its components the solutions (35) and (36). There is however clear by this presentation that 
as the linear regression is extended to many more (Xi) causes as the complexity and difficulty in 
analytically expression of the solution factors are increasing; moreover, through such algorithm there 
appears that no reference and control of the orthogonality or independency among the (Xi) causes are 
involved, or are so hidden to produce meaningful quantum interpretation for the ligand-receptor specific 
interaction.  

With these the statistical fundaments for treating and understanding the quantitative (regression) structure 
(cause) – activity (effects) relationships are exposed, while containing the “germens” for alternative and in 
some respects the generalized algebraic treatment of correlation in assessing for the ligand-receptor 
specific interaction an analytical pattern towards quantization, as will be presented din the sequel.   

 

3. Algebraic QSAR 

3.1. Multivariate Spectral Regression on Hilbert Space 

The key concept in SAR discussion regards the independence of the considered structural parameters in 
Table III. As a consequence we may further employ this feature to quantify the basic SAR through an 
orthogonal space. The idea is to transform the columns of structural data of Table III into an abstract 
orthogonal space, where necessarily all predictor variables are independent, solve the SAR problem there 
and then referring the result to the initial data by means of a coordinate transformation.  

 

Table III: The vectorial descriptors in a Spectral-SAR analysis. 

Activity Structural predictor variables 

)(ERVEDOBSY  0X  
1X  

… 
kX  … 

MX  

y1-OBS 1 x11 … x1k … x1M 
y2-OBS 1 x21 … x2k … x2M 

M  M  M  M  M  M  M  
y'-OBS         1 x'1 … x'k … x'M 

 

Since QSAR models aims correlations between concerned molecular structures and measured (or 
otherwise evaluated) activity, appears naturally that the structure part of the problem to be accommodated 
within the quantum theory and of its formalisms. In fact, there are few quantum characters that we are 
using within the present approach [94]: 
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o Any molecular structural state (dynamical, since undergoes interaction with organism) may be 

represented by a ket  state vector, in an abstract space of allowed states within Hilbert space, 

following the ketbra  Dirac formalism [95]; such states are to be here represented by any 

reliable molecular index, or, in particular in our study by hidophobicity LogP , 

polarizability POL , total optimized energy totE , just to name only the so called Hansch 

parameters, usually employed for accounting the diffusion, electrostatic and steric effects for 
molecules acting within organisms’ cells, respectively.   

o The (quantum) superposition principle that assures that sum combinations of molecular states 
map on other resulting molecular state, here interpreted as bio-, eco- or toxico- logical activity, 

e.g. ...0 +++= POLCLogPCYY POLLogP  , with 0Y  meaning the free or 

unperturbed activity (when all other influences are absent). 
o The orthogonalization feature of quantum states, a crucial condition for that the superimposed 

molecular states generates other molecular state (here quantified as molecular-linking 
organism activity); analytically, the orthogonalization condition is represented by the 

ketbra  scalar product of two envisaged states (molecular indices) whom value if it is 

evaluated to be zero, 0=ketbra , then the states are said orthogonal and molecular 

descriptors independent, therefore suitable to be added as states in resulted activity state and as 
molecular indices in activity correlation. Further details on scalar product and related 
properties are given in Appendix A1, while in what follows the Spectral-SAR correlation 
method is resumed.   

Therefore the analytical procedure is unfolded in three fundamental steps. 

I. Given a set of ' molecules being studies against biological activity they produce by means of their M – 
structural indicators, all input information (the states) may be vectorial expressed by the columns of the 
Table III and correlated upon equation  

errorpredictionXbXbXbXbY MMkkERVEDOBS ++++++= ......1100)(  

errorpredictionY ICTEDPRED += )(  (77) 

whith the unity vector 'X 1110 L=  added to account for the free term. 

In order equation (77) to represent a reliable model of the given activities, the molecular states (indices) 
assumed should constitute an orthogonal set, having this constraint a quantum mechanically fundament, as 
above described. However, unlike other important studies addressing this problem [67-80],  the present 
employed Spectral-SAR assumes the prediction error vector in eq. (77) as being from beginning 
orthogonal on all others, since it cannot be considered input data as the others,  

0=errorpredictionYPRED ; (78) 

being not known apriori any correlation is made. Moreover, from eqs. (77) and (78) there follows that the 
prediction error vector has to be orthogonal on all other descriptor states of predicted activity. 

0
,0

=
=

errorpredictionX
Mi

; (79) 



Mihai V. Putz 

 

22 

for consistency of the present vectorial (quantum formalized by means of ket  states) approach. In other 

terms, conditions (78) and (79) confirm the form (77) in the sense that prediction vector and the prediction 

activity PREDY  (with all its sub-intended states 
Mi

X
,0=

)  belongs to disjoint (thus orthogonal) Hilbert 

spaces; or even more, one can say that the Hilbert space of the observed activity OBSY  may be 

decomposed into a predicted and error independent Hilbert sub-spaces of states.      

Therefore within Timișoara Spectral-SAR procedure the very beginning step in orthogonalization is 
prediction vector orthogonalization to prediction activity and of its predictor states, while the  remaining 
orthogonalization algorithm do not search for optimizing the minimization of errors, but for producing the 

ideal correlation between PREDY  and the given descriptors 
Mi

X
,0=

.  

II. Next, the Gram-Schmidt orthogonalization algorithm is applied through constructing the orthogonal set 
of descriptors by means of the consecrated iteration [96-98]: 

00 X=Ω , (80a) 

i

k

i

k
ikk rX Ω−=Ω ∑

−

=

1

0

, 
ii

ikk
i

X
r

ΩΩ

Ω
= , Mk ,1= ; (80b) 

providing the orthogonal correlation: 

MMkkPREDY Ω++Ω++Ω+Ω= ωωωω ......1100 , 

kk

k

k

Y

ΩΩ

Ω
=ω , Mk ,0= . (81) 

III. Remarkably, while the studies dedicated to orthogonal problem usually stops at this stage the Spectral-
SAR uses it to provide the solution for the original searched correlation, eq. (77) with the error vector 
orthogonal on the predicted activity and on all its predictor states of Table III. This can be adequately 
achieved through rearranging eqs. (80) and (81) so that the system of all descriptors of Table III to be 
written in terms of orthogonal descriptors: 




















Ω⋅++Ω++Ω+Ω=

Ω⋅++Ω⋅++Ω+Ω=

Ω⋅++Ω⋅++Ω⋅+Ω=

Ω⋅++Ω⋅++Ω⋅+Ω⋅=

Ω++Ω++Ω+Ω=

Mk

M
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Mk

MMkkPRED

rrrX

rrX

rX

X
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1......

........................................................................................

0...1...
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0...0...1

0...0...01

......

1100

1100

10
1
01

100

1100 ωωωω

 (82) 

The system (82) has no trivial (orthogonal) solution if and only if the associated extended determinant 
vanishes; this condition introduces the Spectral-SAR determinant and of its equation [81-83]: 
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If the determinant of eq. (83) is expanded on it first column, and the result rearranged so that to have 

PREDY  on left side and the rest of states/indicators on the right side the searched QSAR solution of the 

initial problem of eq. (77) is obtained as Spectral-SAR vectorial expansion (from where the “spectral” 
name is justified as well) with the error vector already absorbed in the orthogonalization procedure.  

In fact Spectral-SAR procedure uses the  double conversion passages: one forward from the given problem 
of eq. (77) to the orthogonal one of eq. (81) in which the error vector is orthogonally “dissolved”; and the 
reverse one, back from the orthogonal to the real descriptors throughout the system (82), leaving with the 
determinant (83) to be expanded as the QSAR solution.  

The result is that now QSAR/Spectral-SAR equation is delivered directly by the determinant (83) and not 
through matrices products as in statistical Pearson approach, see Section 2.5, while furnishing directly the 
Spectral-SAR correlation equation and not only the parameters of multi-variate correlation [8-15]. 
Moreover, the Spectral-SAR algorithm is invariant also to the order of descriptors chosen in 
orthogonalization procedure, providing equivalent determinants just with rearranged lines, a matter that 
was not previously achieved by other orthogonalization techniques [67-80]. 

Remarkably, apart from being conceptually new through considering the spectral (orthogonal) expansion 
of the input data space (of both activity and descriptors) throughout the system (82), the present method 
also has the computational advantage of being simpler than the classical “standard” statistical way of 
treating SAR problem previously exposed. That because, one has nothing to do with computations of 
matrix of the coefficients (64) or (67), this being a quite involving and time consuming procedure for 
higher dimensional systems. Instead, one can write directly the Spectral-SAR solution (equation) as the 
expansion of a (M+2)-dimensional determinant of eq. (83) whose components are the activity and 

structural vectors involving the Gram-Schmidt and the spectral decomposition coefficients, k

ir  and kω , 

respectively. 

However, although different from the mathematical procedure, both standard- and spectral-SAR give 
similar results due to the theorem that states that [96]: if the matrix X, as that from (64), with dimension 

'×(M+1), '>M+1, has linear independent columns, i.e. they are orthogonal as in the spectral approach, 
then there exists an unique matrix [Q] of dimension '×(M+1) with orthogonal columns and a triangular 

matrix [R] of dimension (M+1)×(M+1) with the elements of the principal diagonal equal with 1, as 
identified in the first small determinant in eq. (83), so that the matrix [X] can be factorized as 

]][[][ RQX = . (84) 

When combining equation (84) with the optimal equation (63) one can get, after straight algebraic rules, 
that the [B] vector of estimates takes the form 

( ) ][][][][][
1

YQQQB TT −
=  (85) 
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in close agreement with previous normal one, see equation (67). However, by comparison of matrices 
[X]T[X] and [Q]T[Q] of equations (67) and (85), respectively, there is clear that the last case certainly 
furnishes a diagonal form which for sure is easier to handle (i.e. to take its inverse) when searching for the 
vector [B] of SAR coefficients.  

However, worth being convinced by the equivalence of the present Spectral method with the standard 
statistical one by specializing the general problem (77) to the linear case   

1100 XbXbYPRED += , (86) 

and to check whether this is unfolded through the Spectral-equation (83) as providing the parameters of 
linear regression given by eqs. (35) and (36). In this respect, actually, we deal with the particular equation 
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+−== , (87) 

which is immediately rearranged as  

( )
{ 1101

1
00 XXrY

ab

PRED ωωω +−=
43421

 (88) 

so that to identify the actual with the previous linear coefficients of eqs. (35) and (36): 

1
1
001 , ωωω rba −== . (89) 

Going to evaluate the expressions of (89) within the Spectral-SAR algorithm, there is instructive to identify 
form Table III only the relevant actual variables, with convenient denotation of instantaneous structural 
ones as the columns: 

PREDY  0X  1X    

y1 1 x1 

y2 1 x2 

M  M  M  
y' 1 x' 

Other working tools are the zero-th and the first orthogonal vectors, accordingly considered and computed 
respectively as 

'1110 L=Ω , (90a) 
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with the help of coefficient  
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specialized from the general definition (80b). 

In the same manner, the other specific Spectral coefficients from the general orthogonal recipe (81) are 
now for linear regression computed as the zero-th order contribution 

∑=
ΩΩ

Ω
=

i

iy
'

Y 1

00

0
0ω , (92) 

while the first orthogonal one recovers precisely the previous linear slope of eq. (35): 
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as prescribed by the the correspondence of (89). Additionally, also its companion free term coefficient of 
relationship (88) may be now straightly evaluated as   
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as well successfully regaining the previously computed linear free terms counterpart as eq. (36), yet by 
means of variational statistical (optimization of errors’ squares summation) procedure.  

With this there is clear that the Timisoara Spectral-SAR algebraic SAR methodology not only recovers in 
great details the standard statistical QSAR routine but also generalizes to a great analyticity extent towards 
better assessment of mechanistically ordering and influences in practical eco- and bio- logical applications.   

 

3.2. Algebraic Correlation Factor 

Let’s explore in next whether the present Spectral regression gives the opportunity in defining another 
correlation index, beyond the standard statistical one given by eq. (59) [94].  

One starts with the simple connection between the observed, predicted and error vectors of eq. (77), 
however specialized on their instantaneous entries: 

iPREDiOBSi peYY += −−  (95) 

where “ pe ”stays here as abbreviation for “prediction error”. 

Then, by means of squaring relation (95), 

iPREDiiPREDiOBSi peYpeYY ⋅++= −−− 2222 , (96) 

and summing for all working '-molecules (of Table III), 
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the last relation simplifies to: 
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based on applying of scalar product definition (2) and of prediction error orthogonalization condition (78) 
upon the last term of (97), i.e. 

0
1

==⋅∑
=

− peYpeY PRED

'

i

iPREDi . (99) 

Now, substituting the prediction error values of (95) into remaining expression (98) one firstly gets: 
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or the equivalent identity 
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2 , (101) 

which further rewrites, recalling the norm and scalar product definitions of eqs. (2)-(4), respectively, as: 

PREDOBSPRED YYY =
2

. (102) 

Finally, the Cauchy-Schwarz form (10) is employed on the right side term of (102), noting that the 
observed and predicted activities are of the same nature for a given molecule – i.e. either both positive or 
both negative – thus providing their scalar product as positively defined; with these, the relation (102) 
immediately reads as the inequality: 

PREDOBSPRED YYY ⋅≤
2

 (103) 

leaving with the predicted-observed norms’ hierarchy 

OBSPRED YY ≤  (104) 

that guarantees the consistent probability definition while introduceing algebraic correlation factor with 
the form: 

1≤=≡
OBS

PRED

ALGEBRAIC
Y

Y
rRA  (105) 

Nevertheless, there remains to compare this new correlation factor, written in algebraically manner as the 
ration of predicted – to – observed norms of investigated molecular activity or of their effects, with the 
fashioned statistical counterpart given by eq. (59); this issue will be addressed in what follows.   

 

3.3. Algebraic vs. Statistic Correlations 

Banater Ansatz on the algebraic Spectral-SAR correlation: for any QSAR analysis, once considering the 

measured/observed and computed/predicted activity data as the vectors OBSY  and PREDY  with the 

associate norms through the scalar products of eqs. (2)-(4), the algebraic norm order (105) valid in 
defining the algebraic correlation factor (104), sets also the hierarchy at the levels of correlations factors 

in a sense that the algebraic one of always exceed the standard correlation factor (59): 

STATISTIC
QSAR

ALGEBRAIC
SARS rr ≥− . (106) 

Proof: by straight algebraic translation the condition (106) firstly it rewrites as: 
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where we have introduced the averaged observed activity 
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and its associate '-dimensional vector (state in Hilbert space): 
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Note that the inequality (107) becomes equality in the case of perfect identity between observed and 
predicted activity values, i.e. perfect correlation, the case in which the second term of the right hand side 
vanishes while that of the left hand side become unity. For all other non-perfect correlations strict 
inequality holds and this will be considered in next, for the equivalent expression 

OBSOBSOBSOBSPREDPRED YYYYYY −−  

[ ]PREDOBSPREDOBSOBSOBSOBSOBSOBSOBS YYYYYYYYYY −−−−−> , (110a) 

which may be further rearranged as 

[ ][ ]OBSOBSOBSOBSOBSOBSOBSOBSPREDPRED YYYYYYYYYY +−− 2  

[ ] 02 >+−+ PREDPREDPREDOBSOBSOBSOBSOBS YYYYYYYY . (110b) 

At this point, after obvious simplifications and factorization may easily recognize and employ both the 
identities (102) and (104), specific to algebraic correlation, 

43421
PREDPRED YY

PREDOBSOBSOBSOBSOBSPREDPRED YYYYYYYY 22 −  

[ ][ ] 02
0

>−−+
≥

OBSOBSOBSOBSPREDPREDOBSOBS YYYYYYYY
44444 344444 21

 (110c) 

the simplified expression is obtained 

OBSOBSOBSOBS YYYY >2  (111a) 

that finally is analytically explicated with the aid of introduced vector (109) of the average activity to the 
unfolded scalar ordered products 
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leaving with the equivalent strict inequality 
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fully satisfied by the natural ordering as 12 > . Therefore, there was proofed both the (qualitative) 
simplicity and the (quantitative) superiority of algebraic correlation factor. Many applications proof these 
statements also on dedicated molecular-biological or molecular-ecotoxicological cases. Yet, one modern 
bi-component molecular system concerned the ionic liquids (IL) toxicological actions are in next explained 
in its paradigmatic form. 

 

3.4. Spectral-SAR for Ionic Liquids 

Since their emergence a decade ago, ionic liquids have had a constantly growing influence on organic, bio- 
and green chemistry, due to the unique physico-chemical properties manifested by their typical salt 
structure: a heterocyclic nitrogen-containing organic cation (in general) and an inorganic or organic anion 
[99], with melting points below 100 ºC and no vapor pressure [100]. The latter property leads to the 
practical replacement of conventional volatile organic compounds (VOCs) from the point of view of 
atmospheric emissions, though they do present the serious drawback that a small amount of IL could enter 
the environment through groundwater [101]. This risk makes it necessary to perform further eco-
toxicological studies of IL on various species, in order to improve the "design rules" for synthesized IL 
with minimal toxicity to environment integrated organisms. 

Ionic liquids display variable stability in terms of moisture and solubility in water, polar and nonpolar 
organic solvents [102]. Various values of ionic liquid hydrophobicity and polarity may be tailored [101] 
with the help of nucleoside chemistry [103] according to the main principles of green chemistry [104, 
105]: the new chemicals must be designed to preserve effectiveness of function while reducing toxicity, 
and not persisting in the environment at the end of their usage, but breaking down into inoffensive 
degradation products.  

In this respect, the costs of all approaches for sustainable product design can be reduced using SAR and 
QSAR methods [84, 85, 89]. It has already been proved that the anti-microbial activity of quaternary 
ammonium chlorides is lipophilicity-dependent [106]. While the 1-octanol-water partition coefficient 
could be seen only as the first approximation for compound lipophylicity, bioaccumulation and toxicity in 
fish, as well as sorption to soil and sediments assumes that lipophylicity is the main factor of anti-microbial 
activity [107]. Nevertheless, aiming at a deeper understanding of the specific mechanistic description of IL 
eco-toxicity, it is worth considering that the ionic liquid properties are more comprehensively quantified 
through lipophylicity, polarizability and total energy as a unitarily complex of factors in developing 
appropriate structure-activity relationship (SAR) studies. 

However, the main problem in assessing the viable QSAR studies to predict ionic liquid toxicities concerns 
the anionic-cationic interaction superimposed on the anionic and cationic subsystems containing ionic 
liquids. There are basically two complementary ways of attaining this goal. One may address the search of 
special rules for assessing the anionic-cationic structural separately from the individual anionic and 
cationic ones, and then generating the QSAR models. Yet, because the cationic and anionic effects on 
liquid toxicity are merely separately studied at the moment, the appropriate strategy would be to firstly 
derive the anionic and cationic QSARs and only then to move on to a QSAR of the ionic liquid viewed as 
an anionic-cationic interaction. 
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As recently communicated [89], when the ionic liquids activity is evaluated two different additive models 
for modeling anionic-cationic interaction can be examined.  

The first one is based on the vectorial summation of the produced anionic and cationic biological 

effects Y , named the |1+> model, and which is constructed on the superposition of the anionic 

(subscripted with A) and cationic (subscripted with C) activities [84]:  

ACAC YYY +=
+1

 (112) 

The second S-SAR model, named |0+>, is employed when the additive stage is considered at the examined 

Hansch factors TOTEPOLLogPX ,,= , which are firstly combined to produce the anionic-cationic 

(subscripted with AC) indices that are further used to produce the spectral mechanistic map of the 
concerned interaction [85]:  

{ } { }( )CASARSSARSAC XXfOOY ,0
0

−

∧

−

∧+
=+=  (113) 

with the particular specifications of the spectral vectors: 

( ) ACCA LogPLogPLogPf ≡, ( ) { }AC

LogPLogP Xee CA

1log ∈+= , (114a) 

( ) ACCA POLPOLPOLf ≡, ( ) { }ACCA XPOLPOL 2

33/13/1 ∈+=  [Å3] , (114b) 

( ) CAACCA EEEEEf +=≡, { }AC

AC

CA X
POL

qq
33/1

71.627 ∈−   [kcal/mol]. (114c) 

The open issue addresses whether the |0+> & |1+> states yields with the same results or in which aspects 
they might differ in the IL ecotoxicity upon certain species. Nevertheless, a practically criteria of deciding 
upon activity or structure additivity models, between eqs. (112) and (114), respectively, may be set 
respecting the so called ionic liquid internal angle between the anion-cationic activity vectors, with 

'iyy iCiA ,1,, =  components, abstracted from the general definition (30b), following the prescription 

[89]: 
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The illustration of the presented S-SAR-IL models was already performed by studying the aquatic species 
Vibrio fischeri, Daphnia magna and Electric El recorded ecotoxicity against a given tested ionic liquids, 
appropriately chosen so that containing a wide variety of heads, side chains, and anions. This way, the 
present methodology may be extended over a wide range of organisms towards designing specific eco-
toxicological ionic liquid batteries [87, 108].    
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4. Spectral-SAR Paths and Quantum-SAR Maps 

Having in deep presented the way in which structure – activity correlations may be realized from N 
recorded activity viewed as effects of M-structural causes, there remains to explore the combinatory of the 
models (endpoints) obtained along considering different sets of predictor variables in Table III; this is 
nothing than the QSAR counterpart for what in quantum theory is known as the complete set of 
commutative operators (CoSCOpe) – since in both cases the discussion is to find the minimum (however 
complete) operators in quantum theory and structural variables in QSAR to behave as independent one 
each other so that to be independent or orthogonal one each other. Therefore the discussion and analysis 
based on the various possibilities a QSAR is realized from different structural indices implicitly or 
explicitly targets the quantum description of the correlation space; here we try to show the first step in 
exploitation this possibility [109].   

Given a set of '-molecules, one can chose to correlate their observed activities 
'i

A
,1=

 with M-selected 

structural indicators in as many combinations as:  

∑ =
=

M

k

k

MCC
1

, 
)!(!

!

kMk

M
C k

M −
= , (116a) 

linked by different endpoint paths, as many as: 

∏ =
=

M

k

k

MCK
1

 (116b) 

indexing the numbers of paths built from connected distinct models with orders (dimension of correlation) 
from k=1 to k=M. 

Basically, for each of the C-combinations a correlation (endpoint) QSAR equation is determined, 
say { }

Cl

'i
ilCl

yY
,1
,1

,1 =
=

=
= , containing all computed activities for all considered '-molecules within the l-

selected correlation.  

Note that the Spectral-SAR version of QSAR analysis computes these activities in a complete non-
statistical way, i.e. by assuming the vectors for both observed (activities) and unobserved (latent variables) 
quantities while furnishing their correlation throughout the specific Spectral-SAR determinant, see eq. 
(83), obtained from the transformation matrix between the orthogonal (desirable) and oblique (input) 
correlations. Yet, besides producing essentially the same results as the statistical least-square fit of residues 
the Spectral-SAR method introduces new concepts reviewed here within three families as follows [109] 

I. The Spectral-SAR concepts: 

• The endpoint (computed) spectral norm  

∑
=

==
'

i

illll yYYY
1

2 , Cl ,1= ; (117a) 

allowing the possibility of the unique assignment of a number to a specific type of correlation, i.e. 
performing a sort of resumed quantification of the models; 

• The algebraic correlation factor of eq. (105) here rewritten as 
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viewed as the ratio of the spectral norm of the predicted activity to that of the measured one, giving the 
measure of the overall (or summed up) potency of the computed activities respecting the observed one 
rather than the local (individual) molecular distribution of activities around the mean statistical yields; 
thus, it is a specific measure of the molecular selection under study, always with a superior value to that 
yielded from statistical approach, however preserving the same hierarchy in a shrink (less dispersive) 
manner being therefore better suited for intra-training set molecular analysis. 

II. The QSAR map of end-points [109]: 

• The spectral path, with the distance defined in the Euclidian sense as: 

[ ] ( ) ( )2
'

2

'', llll RRYYll −+−= , Cll ,1)',( =∀  (118) 

allows for defining complex information as path distances in norm-correlation space with norms computed 
from eq. (117a) while correlation free to be considered either from statistical (local) or algebraically 
(global) – eqs. (59) and (117b), respectively; note that as far as computed activity Yl corresponds to the 
measured activity Al defined as logarithm of inverse of 50%-effect concentration (EC50), see bellow, both 
modulus of Yl vectors and R values have no units so assuring the consistency of the eq. (118). 

• The least spectral path principle, formally shaped as: 

[ ] E'DPOI'TSllllll MkMk :,..., ,...,;0...,,... 11 =δ  (119) 

that provides a practical tool in deciding the dominant ,...}{α hierarchies along the paths constructed by 

linking all possible k-models (i.e. models with k correlation factors) from (116a) combinations selected one 
time each on a formed path – generating the so called “M-endpoints containing ergodic path on K-paths 
assembly” of (116b). However, the implementation of the principle (119) is recursively performed through 
selecting the least distance computed upon systematically application of eq. (118) on ergodic paths; if, by 
instance, two paths are equal there is selected that one containing the first two models with shorter norm 
difference in accordance with the natural least action; the procedure is repeated until all C-models where 
connected on shortest paths; there was already conjectured that only the first M-shortest paths (called as 

Mαα ,...,1 ) are enough to be considered for a comprehensive (and self-consistent) mechanistic analysis 
[34-40]. 

III. The Quantum-SAR indices and analysis [109]: 

� The inter-endpoint norm difference (IE'D),  

llll
YYY −=∆ '' , },...,{)',( 1 Mll αα∈  (120) 

that accounts for norm differences of the models lying on the M-shortest spectral paths linking M- from the 
C-models of Equation (116a);  

� The inter-endpoint molecular activity difference (IEMAD), 
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is considered from activity difference between the fittest molecules (i, j), in the sense of minimum 
residues, for the models (l, l’) belonging to the shortest paths Mαα ,...,1  for which the inter-endpoint norm 
difference is given by eq. (120). 

This way, we can interpret the two fittest molecules (i, j) as reciprocally activated by the models (l, l’) 
through the spectral path whom they belong; put in analytical terms, the difference between quantities of 
eqs. (120) and (121) may assure the “jump” or transition activity that turns the effect of i molecule on that 
of j molecule across the least spectral (here revealed as metabolization) path connecting the models l and 
l’: 

'

''

1
ln ll

jillll

ji

AY
q

∆−∆≡ . (122) 

Note that if we rearrange eq. (122) in terms of 505 - effect concentrations of eq. (121) one gets the wave-
like form of molecular EC50 inter-molecular transformation: 

( ) ( ) ( )'''
5050 exp

ll

ll

ji

l

j

l

i
YiqECEC ∆=  (123) 

providing the analytic continuation in the complex plane for the IE'D of eq. (120) was assumed, i.e. 

'' llll
YiY ∆→∆  outside the factor 

'll

ji
q . Remark that although the differences in eqs. (120) and (121) were 

considered mathematically along the “arrow” i-to-j the “quantum transformation” of eq. (123) suggests that 
the bio-chemical-physical equivalence (metabolization) of the concentration effects evolves from j-to-i, 

revealing a typical quantum behavior with the factor 
'll

ji
q  playing the propagator role as the quantum 

kernels in path integral formulation of quantum mechanics [48].  

This way, we may assert that eq. (123) stands as the present “quantum”-SAR equation because: 

o it involves the wave-type expression of molecular effect of concentration, however, for special 
selected molecules (the fittest out of the C-models) and for special selected paths (the least for the 
M-ergodic assembly), being M and C related by eq. (116a); 

o it provides the specific transition or specific transformation of the effect of a certain molecule into 
the effect of another special molecule out from the '-trained molecules, paralleling the 
phenomenology of consecrated quantum transitions; 

o it has the amplitude of transformation driven by the so called quantum-SAR factor of an 
exponential form 

( )''' exp
ll

ll

ji

ll

ji
YAq ∆−∆=  (124) 

defining the specific quantum-SAR wave; 

o it allows the identity  

( ) ( )l

i

l

i
ECEC 5050 =  (125) 

when the reverse effects is considered 
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and substituted in the direct one (123), as absorption and emissions stand as reciprocal quantum 
effects; 

o it has a “phase” with unity norm, in the same manner as ordinary quantum wave functions, 
allowing the inter-molecular “real” quantum-SAR transformation 

( ) ( ) '
50

'
50

l

j

ll

ji

l

i
ECqEC ⋅=  (127) 

exclusively regulated by the quantum-SAR factor of eq. (124), in the same fashion as quantum 
tunneling is characterized by the transmission coefficient;  

o when multiple transformations take place across paths with multiple linked models, say (l, l’, l’’), 
the inter-molecular transformation i→j→t is characterized by the overall quantum-SAR factor 
(124) written as product of intermediary ones 

'''''' ll
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due to the two-equivalent ways the ( )l

i
EC50 effect may be described directly from t or 

intermediated by j molecular effect transformations, respectively:  

( ) ( )

( ) ( )( )''
50

'''''
50

'

''
50

''
50

l

t

ll

tj

ll

ji

l

j

ll

ji

l

t

ll

ti

l

i

ECqqECq

ECqEC

⋅⋅=⋅=

⋅=
 (129) 

in the same way as the quantum propagators behave along quantum paths [48]; certainly, such 
contraction scheme may be generalized for least paths connecting the M-contained k-endpoints 
giving an overall quantum-SAR (metabolization power) factor as: 

∏
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o Equation (123) supports the self-transformation as well, with the driven qua-SAR factor given by: 

( )'' exp
ll

ll

iji
Yq ∆−==  (131) 

during its evolution along the least paths when the same molecule (i=j) is metabolized by activating 
certain structural features (l≠l’) though specific indicators (variables) in correlation (bindings with 
receptor site); this case resembles the stationary quantum case according which even isolated (or 
with free motion), the molecular structures suffer dynamical wave-corpuscular or fluctuant 
transformation along their quantum paths. 

With the present Quantum-SAR methodology one can appropriately identify the molecular pairs that drive 
certain bio-/eco- activities against given receptor by means of selected descriptors in a “wave”- or 
“quantum” mechanistic formal way. The ultimate goal will be the computation of quantum-SAR factors 
along the least paths of actions that give the quantum-map information of the conversion power of the 
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fittest molecules in their specific bindings [109]. This line is to be in the near future more applied and 
refined.  

 

5. Conclusion 

Paradoxically, the main problem for QSAR resides not in performing the correlation itself but setting the 
variable selection for it; the mathematical counterpart for such problem is known as the “factor 
indeterminacy” [110-114] and affirms that the same degree of correlation may be reached with in principle 
an infinity of latent variable combinations. Fortunately, in chemical-physics there are a limited (although 
many enough) indicators to be considered with a clear-cut meaning in molecular structure that allows for 
rationale of reactivity and bindings [115, 116]. 

Therefore, although undoubtedly useful, the “official” trend in employing QSAR methods is to classify, 
over-classify and validate through (external or molecular test set) prediction, a gap between the molecular 
computed orderings and the associate mechanistic role in bio-/eco- activity assessment remains as large as 
the QSAR strategy has not turned into a versatile tool in identifying the inter-molecular role in receptor 
binding sites through recorded activities by means of structurally selected common variables; that is to use 
QSAR information for internal mechanistic predictions among training molecules to see their inter-relation 
respecting the whole class of observed activities employed for a specific correlation. Such an approach will 
also be helpful for checking the chemical domain spanned by training molecules – a feature of the 
paramount importance also for further external tests. 

The modern in silico (computational) chemical analysis respecting the bio- activity and availability of 
analogues substances, potentially beneficial or detrimental for specific interaction in organs and organisms, 
faces with a paradoxical dichotomy: if searching for the best correlation useful for prediction of specific 
molecular bio- or eco- activity QSAR models involving un-interpretable many latent variables may be 
produced, while always remaining the question of correlation factor indeterminacy (i.e. the assumed 
descriptors can be at any time replaced with other producing at least the same correlation performances); 
instead, when restricting the analysis to search for molecular design and mechanisms throughout 
performing SARs by means of special structural indicators for a given class of relevant molecules, arises 
the price of limiting the use of generated models for further prediction.  

The present review aims filling this gap by deepening the modeling of inter-molecular activity through 
extending the main concepts of recent developed Spectral-SAR [81-90, 94, 109], developed the fully 
algebraic version of traditional statistically optimized QSAR picture, targeting the quantification of the 
competition between molecular inter-activity and inter-endpoints records. As such, the present review was 
mainly oriented in presenting and developing the second (Q)SAR facet by rationalized the recent 
introduced notion of spectral-path-linking-endpoints and the associate least action principle to spectral path 
quantification, in terms of the best fitted molecules, along the contained computed models, by means of the 
introduced q(uantum)-SAR factor within the generally called Quantum-SAR (QuaSAR) methodology. 

On the other side, the so called green chemistry stands as a priority field of research which is approached 
by the research programs of United States and European Commission as well. It has the goal of 
characterization, prediction and the control of the chemical structures acting as toxicants on organisms and 
environment. The main reason for such research links the economical, ecological and public health issues 
in a general paradigm: method → data → information → knowledge → use. Within this epistemological 
chain the method relates the involved procedure in obtaining the experimental data and is regulated by the 
chemical-physical and biological scientific laws; the data represent the chemicals and their toxic or 
carcinogenic values; information refers to elaboration of models through the recorded data; the knowledge 
means the prediction or the final model of the molecular action mechanisms; the use is defined by the legal 
boundaries for the toxic values or classes of chemicals admitted.  

In this context, the actual Spectral-to-Quantum SAR project propose an advanced study based on the 
epistemological bulk data-information-knowledge of the chemicals used in green chemistry in order to 
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asses: a specific model of quantum characterization of concerned active substances at the bio-, eco- and 
pharmaco-logic levels through unitary formulation of the atomic-molecular indices for the effector-
receptor binding degree potential of the logistic type (including the temporal dependency); a computational 
consistent model aiming to minimize the residual recorded activities in the experiments studying the 
enzymic, ionic liquid, antagonists and allosteric inhibition interactions. The methodology allows pattering 
both the controlling as well as the design of new compounds for synthesis this way eventually covering 
also the method-and-use segments of the economical-social life in XXI. 
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